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ON SOME CURVE SINGULARITY 
INVARIANTS AND REDUCTIONS 

JULIO JOSE MOYANO-FERNANDEZ 



Abstract. This paper deals with the study of the behaviour of 
the value semigroup of a curve singularity define over a global 
field reduced modulo a maximal ideal. We also define a global 
*>f-\ ■ zeta function of the curve by means of motivic integration over a 

suitable ring of adeles, whose reduction modulo a maximal ideal 
^ ■ will coincide with already known zeta functions of the singularity. 

< 

t^ ; 1. Preliminaries 

Resolution of singularities is a well-known topic since the pioneers Brill 
and Noether solved the case of complex curves more than a century ago. 
>• ' It became a central problem in algebraic geometry when mathemati- 

cians asked for generalisations in the two usual ways, namely resolution 
^' . for varieties in higher dimensions and resolution in arbitrary ground 

O I fields. The introduction of basis change methods in scheme theory al- 

r^ ■ lowed to define the concept of reduction modulo a maximal ideal of 

an algebraic variety defined over a number field, which is nothing else 

than an attempt to preserve as many good properties as possible when 

one extend the variety to a scheme over the ring of integers of the field 

1.^ the curve is defined over. 

c^ ■ Let C be a complex curve singularity. Many equivalent invariants, both 

topological and analytic, are since a long time well understood. We 
remark among others the associated value semigroup and the Poincare 
series, profusely studied by v.g. Bayer [T], Garcia [10], Kunz p^, Waldi 
[20] , and Campillo, Delgado and Gusein-Zade p]-[5], [7], as well as by 
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Stohr [I7]-[T9] and Ziifiiga Galindo [21], [22] in the last years. The 
question this note deals with, is to describe the behaviour of these two 
singularity invariants under reduction modulo a maximal ideal ^ when 
the singularity is defined over a number field. The first issue to do is 
to understand resolution of singularities under such a reduction. 

For the convenience of the reader we repeat the relevant material from 
[9], thus making our exposition self-contained. 

1.1. Reduction modulo ^. Let i^ be an arbitrary field of character- 
istic 0. Let i? be a discrete valuation ring with quotient field K and 
maximal ideal *p. 

Let C be a plane curve defined over the field K given by an equation 
f{xi,X2) G K[xi,X2\. Let us consider the schemes X = Spec K[xi,X2], 
X = Spec R[xi,X2], X = Spec K[xi,X2] and 

D = Spec {K[xi,X2]/{f{xi,X2))) C X. 

Let Z he a closed subscheme of P^ := Proj K[xi,X2, ■ ■ ■ ,Xk] for some 
nonnegative integer k > 0. We will denote by Z the scheme-theoretic 
closure of Z in P~. If Z is reduced (resp. integral), then Z is reduced 

(resp. integral). Moreover, Z is fiat over Spec R. 
Definition 1.1. The reduction modulo '^ oi Z is the scheme 
Z = Z mod ^■.= Zxji Spec K. 

Notice that Z mod *^ can be considered a closed subscheme of Z. 

1.2. Resolution of singularities. Let us recall the basics on resolu- 
tion of curve singularities. By the sack of simplicity we will assume 
the singularities to be totally rational (i.e., all field extension degrees 
involved are assumed to be 1). 

Definition 1.2. A resolution for the curve C over i^ is a pair (Y,7r), 
where y is a closed integral scheme of Fx for some nonnegative integer 
k and vr : F — )■ X is a morphism such that 

(i) Y is smooth over Spec K; 

(ii) the restriction n : Y \ 7r~^{D) -^ X \D is an isomorphism; 
(iii) the reduced scheme (7r~^(il'))red associated to 7i~^{D) has only 
normal crossings as subscheme of Y. 



ON CURVE SINGULARITY INVARIANTS AND REDUCTIONS 3 

The scheme (vr^^(D))red will be called the exceptional divisor of tt. Its 
irreducible components will be denoted by Ei, for i & T. 

Next result is well-known in singularity theory: 

Theorem 1.3. Any plane curve singularity has a resolution. 

Definition 1.4 ([9J). We say that {Y,tt) is a resolution for C over K 
with good resolution modulo *P if {Y, tt) is a resolution for C over K 
satisfying 

(i) Y is smooth over Spec K; 
(ii) Ei is smooth over Spec K for each i E T, and IJieT -^« ^^^ only 

normal crossings as a sub scheme of Y; 
(iii) Ei and Ej have no common irreducible components for i ^ j. 

Remark 1.5. Note that "reduction modulo *P" does not change the 
set T, that is, it does not change the number of components of the 
exceptional divisor. 

If C is a plane curve having a closed singular point, we can reach a 
resolution for C just blowing-up closed points successively to get a 
chain 



\^ — V '^^^ V ^N-l T^ ^'-is V ^^^ V ^''-^ V — V 

1 .— A.j\j y Ajv-l — > ■ ■ ■ — > A3 — > A.2 — > ^1 — > ^0 — • A 



where ttj is the blowing-up of a closed point pi^i G Xj_i, for 1 < i < A^. 
Then Y is achieved by blowing-up successively closed points Pi G Xj, 
< i < N — 1. This process is called the resolution process of C. Every 
such a closed point pi corresponds to a local ring Ri := Oxi,pi- Since 
the curve C is assumed to be totally rational, the degree of this field 
extension is equal to 1. Finally, set tt := vrArOTTAr^io. . .07120111. Further 
details on curve singularities over arbitrary fields can be founded in 
for another recent account see 



On the other hand, let us take vr : Xj — )■ Xj_i for any i G {!,..., N}. 
Then we can consider the restriction to Xi of the projection P^ — )■ Xj_i 
for some A; > 0, namely 

TTj : Xi -)■ Xi_i. 
Even more, using base extension we can get morphisms 

vfj : Xi -^ X,j_i 
with 1 < i < N. Set vf := ttat o 7fAr_i o . . . o 7f2 o vfi. 
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Theorem 1.6 ([9J)- If 0^^'^) ^-^ O' resolution for C over K with good 
reduction modulo *P, then (V, vf) is a resolution for C modulo *P over 
K. 

Proof. First of all, y is a closed integral scheme of Proj K[xi, . . . , Xk] 
for some A; > (see P|, Proposition 2.6 (b)). By Definition ll.4[ con- 
dition (ii), Y is smooth over Spec K. Considering now the reduced 
structure of the exceptional divisor of vf, i.e., IJigt -^«' ^^ ^^^ °^^y '^°^" 
mal crossings as subscheme of Y (again by Definition II. 4p . Last, the 
restriction Y \ IJieT Ei ^ X \ D is an isomorphism, since the mor- 
phism y — !■ X is birational (cf. [9], Proposition 2.6 (i)). Then {Y,W) 
is a resolution for C mod ^. D 

Definition 1.7. Let C (resp. C) be a plane curve with resolution 
(y, tt) (resp. (y',7r')) over a field K (resp. -ft''). Let 

I .— y^-jv — r yi-jv-1 — ?• • • • — ^ -^ri. — > v\.9 — > vvi — ?■ vVn — . vv, 
be the resolution process for C, and let 

7r' vr' 

■lA/ _ TA/ N' TA/ iV'-l , TA/ "3, TA/ "2^ TA/ "1^ ^^l _ ^1 

Y .— Jlj^, > -^N'-l ^ ■ ■ ■ ^ -^3 ^ ^2 ^ -^1 ^ -^0 — • ^ 5 

be the resolution process for C. The curves C and C are said to 
have the same resolution process ii N = N' and the strict transforms 
C^^^ (resp. (C)*^*-') of C (resp. C) via ttj (resp. ttQ have the same 
multiplicity. 

Proposition 1.8. Let C be a plane curve. Let {Y,7t) be the resolution 
process of a totally rational closed point of C , and (y , 7f) the corre- 
sponding process of the curve C . These two resolution processes agree. 

Proof. By construction of vf and Remark II. 5 [ both (y, vr) and (y,vf) 
consist of the same number of blowing-ups. Moreover, since the curve 
C is assumed to be totally rational, the multiplicities of the strict 
transforms of C and C coincide. D 

The following theorem, due to Denef (cf. [9l Theorem 2.4]), ensures 
the existence of a resolution with good reduction modulo *P for plane 
curves over number fields. 

Theorem 1.9. Let F be a number field, A its ring of algebraic integers. 
Let C be a plane curve over F and (y, vr) a resolution for C over F . 
Then (y, vr) is a resolution for C over F with good reduction modulo 
^pAfp for all except a finite number of maximal ideals *P of A. 
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2. The value semigroup and Poincare series of a plane 

CURVE singularity AND REDUCTION MODULO ^ 

After introducing some elementary machinery, we will prove a first re- 
markable result: the value semigroup does not change under reduction 
modulo ^. 

Let F be a number field. Let A be the ring of integers in F. Assume 
that C is a complete, geometrically irreducible, algebraic curve defined 
over F. Let P be a rational and singular point of C. Assume that Op^c 
is totally rational. Then Op^c can be presented in the form 

Op,c := { {ET=o(^^,iti . . . , ET=o(^^,A) e dp,c I A = 0} , 

whereOp^c — F |ti] x . . . x F |td] and A = is a homogeneous system 
of linear equations with coefficients in F. 

2.1. Value semigroup. Every factor in Op^c yields a discrete valua- 
tion Vi, for every 1 <i < d, and thus a vector v{z) = (wi^i, . . . , Vd{zd)) 
for any nonzero divisor z = {zi, . . . ,Zd) G Op^c- 

Definition 2.1. The value semigroup S of Op^c consists of all the 
elements of the form v_{z) = (f 1(21), ... , Vd{zd)) G N"^ for all the nonzero 
divisors z G Op^c- 

Observe that the value semigroup of Opc coincides with that of Opc 

(cf. m §2])- 

The degree of singularity of the ring Op^c is defined as 

6iOp,c) = Sp = dunkdp,c/Op,c, 

where Op^c is the normalisation of the ring Op^c ■ By p^ Theorem 1] , 
Sp < 00. 

We set 1 := (1, . . . , 1) G N*^ and, for n = (ni, . . . , rid) G N'^, we consider 
the vector ||rz|| := rii + . . . + rid- We introduce a partial order in N'^, 
the product order, by taking n > m, if Wj > rrii for every z = 1, . . . , d. 

Definition 2.2. Let C be a plane curve. We define a complex model 
for C to be a plane curve C over C having the same resolution process. 

The following theorem is due to Campillo (see |2l Proposition 4.3.12]): 
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Theorem 2.3. Two given plane curves, defined over fields which are 
different in general, have the same value semigroup if and only if they 
have a complex model in common. In particular, the value semigroup 
of a curve and that of any of its models agree. 

Let ^ be a maximal ideal of A with residue field F^. We define the 
reduction mod ^ of Op^c as 

Op^C mod qj •= I (X]j=0^*,l^l' • • • ' J2i=0^i,d^d) ^ ^P,C mod "P | ^ = | , 

where Op^' mod qj — Fy |ti] x . . . x Fg {tdj and A = denotes the re- 
duction mod *P of A = 0. 

We can now compare the value semigroup of a curve over a number 
field of characteristic and its reduction modulo *P: 

Theorem 2.4. For all except a finite number of maximal ideals ^ of 
A one has 

S{Op^c) = S{Op^c mod <p)- 

Proof. It is just to apply previous results: 

(1) We have a field number of characteristic 0, then we have a 
resolution (F, tt) of C over F with good reduction modulo *P 
for almost all *P, by Theorem 11.91 

(2) Then {Y , vf) is a resolution of C = C mod ^ over K for almost 
all *p, by Theorem 11.6^ and with the same resolution process as 
(F, vr) by Proposition 11.81 

(3) Then C and C have the same complex model for almost all ^. 

(4) Last, by Theorem 12.31 the curves C and C have the same value 
semigroup, for almost all ^. 

D 



2.2. Generalised Poincare series and Zeta functions. Let Var^ 
denote the category of A;-algebraic varieties, and by Kq {Vark) the 
corresponding Grothendieck ring. It is the ring generated by sym- 
bols \y], for V an algebraic variety, with the relations [V^] = \W] 
if V is isomorphic to W , \V] = [V \ Z] + [Z] if Z is closed in V, 
and [V xW] = [V] [W]. We denote 1 := [point], L := [A^ and 
A4k '■= Kq (Vark) [L^^] the ring obtained by localization with respect 
to the multiplicative set generated by L. 
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For n G S* we set 

'In ■= {I C Op^c I I = zOpfi', with v{z) = n} , 
and for m G N, 

^m '■= U neS -Ln- 

\\n\\=m 

Definition 2.5. We associate to Op^c the two following zeta functions: 

(1) Z ih, ...,U, Op^c) ■■= EneS l^n] L-"^"t^ G Mk Ih, . . . , t,] , 

where t^ := t^^ ■ . . . ■ e/, and 

(2) Z(t,Op,c):=^(t,...,t,Op,c). 



This zeta function was introduced in [15]; it coincides-up to a factor- 
with the generalised Poincare series Pg(ti, . . . , t^ defined by Campillo, 
Delgado and Gusein-Zade in [S] and was studied under a more general 
setting by the author in [1] 



Lemma 2.6. 

Z{tl^ . . . ,td) = L Pgih, . . . ,td). 

The generalised Poincare series associated to a ring Op^c only depends 
on the value semigroup of O, hence by Theorem 12.41 we have 

Corollary 2.7. 

Z{ti, . . . ,td] Op^c) = Z{ti, ■ ■ . ,td] Op^c mod <p) 
Pg(tl, . . . , td] Op^c) = Pg(tl, ■ ■ ■ , id] Op^c mod <p) 

3. MOTIVIC INTEGRATION OVER THE RING OF AdELES 

The goal of this section is to define a global zeta function on the curve 
by using the theory of Adeles such that it can be expressed — roughly 
speaking — as a product of local zeta functions (Poincare series), from 
which the ones corresponding to singular points are non-trivial. A good 
general reference here is the book of Cassels and Frolich [6]. 

Let A be a curve defined over k. Consider the family of local rings 
{Op^x)p&x- From now on we will write Op instead of Op^x- If k{P) 
is the residue field at each point P G A, we have 

dp^k{P)iT] 

Kp = k{P){{T)) 

for every P G A. We want to establish a measure in Kp for P G A. 
Take the class Ap of subsets of A which are bounded from below; i.e., 
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Z G Kp is said to be bounded from below if "ordT'(x) > constant" for 
every x i^ Z. 

Let n E 1j. Consider the map 

7r„:irp^A;(P)((T))/(T"+i). 

Notice that 



A;(P)((T))/(T"+i) - Yl "'^^^ I ^>^ ^ ^(^) - ^(^) 



n+c+l 



where the latter isomorphism holds because the subsets are bounded 
from below. 

We say that a subset Z C Kp, Z G Ap is measurable or cylindric if 
there exists n G Z such that Z = n'^iY), for Y C A;(P)((T))/(T"+i), 
Y constructible. We define the measure of such a Z as 

fip{Z) := [Y]L-^. 

We define the ring of adeles Ax of X as the restricted product of the 
Kp^s with respect to the Op's, i.e., x G Ax if and only if x = (a;p)pgx, 
xp G Op for almost all P. Let S* be a finite subset of points. Define 

Us =zxl[ dp. 

We declare Us as an open subset, where Z is a cylindric subset of 
Ylp^s^Py ^^^ ^^^^ ^^ measure 

fis{Z) := f^s{Z), 
where fJ.s{Z_) is defined as follows: let 

Zcl[Kp 

Pes 

with Z_ bounded from below (i.e., the order in T of each component is 
bounded from below) ; we say that Z_ is measurable or cylindric if there 
exists n = {np)p^s, Tip G Z so that, for the map 

Pes Pes 

we have Z_ = n^^{Y_), with Y_ a constructible subset of 

Pes 
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The measure of Z_ is defined to be 

We declare \Js as the open subsets and endow Ax with a topology. Take 
the Borel a-algebra generated by the subsets Us which are bounded 
from below. Consider the maps 

: Ax ^ Z. 

The map is said to be cylindric if 0~^(n) C Ax is a cylindric subset 
and is bounded from below. Last we define the integral of a cylindric 
function : Ax — > Z to be 

whenever the sum makes sense; in such a case the function is said to 
be integrable. 

We give now the projective versions of the above definitions. Let Pi^p 
be the projectivization of Kp with respect to the field K, that is, 
¥Kp := {Kp \ {0})/ ~, where the equivalence relation ~ is defined 
as follows: for every a,b & Kp, we say that a ~ 6 if and only if there 
exists X & K \ {0} so that a = Xb. From now on, all projectivizations 
we use will be referred to K. 

Let n E 'Z. Let us consider the projectivization F{k{P){{T))/{T"'^^)) 
and let us adjoin one point, that is, 

P*(A;(P)((T))/(T"+i)) := P(A;(P)((T))/(T"+i)) U {*}, 

with * representing the added point making sense the definition, so 
that the map 

7r„:Pirp^r(A;(P)((T))/(T"+i)) 

is well-defined; i.e., for each g G Kp, we denote [g] the class of g in 
P^P. li g e Kp\ (T"+i), then 7r„([^]) G P(A;(P)((T))/(T"+i)), and if 
g G (T-+1), then 7r„([(?]) G {*}. 

Notice that if Z G Ax, then FZ G Ax, because 

ordT(a;) = ord2-(Aa;) 

for all X E Z and all A 7^ 0. Thus, given a subset Z C Pi^p, Z G Ax, 
Z is said to be cylindric or measurable if there exists n G Z so that 

Z = n-\Y) 
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with Y C PA;(P)((T))/(T"'+-'^) constructible. Then we define the mea- 
sure of such a Z as 

iip{z) := [r]L-^ 

Let us take now a finite subset of points S* of X and define 

Vs = zx¥\[dp, 

PfS 

where Z is a cyhndric subset of P Hpes ^p^ ^^^ declare Vs as an open 
subset of PAx, where PAx is the projectivization of the ring of adeles 
Ax of X. As measure we take 

fis{Z) := f^s{Z), 

where [Jis{Z) is defined as follows. Let Z_ G Pflpg^i^p, Z_ = PZ' with 
Z' G ripes ^P such that the order function is bounded from below in 
every component. We say that Z_ is measurable or cylindric if there 
exists n = {np)p^s, np E Z such that Z_ = n^^(Y_) for 



7r„ : P m i^p ^ P m A;(P)((T))/(T-^^ 
\Pes J \Pes 

and Y a constructible subset of P (Hpgs A;(P)((T))/(T"^+^)). Hence 

we define 

f^siZ):=fiiZ):=[Y]h-^^e.snp^ 

The projectivization PAx is endowed with the topology inherited from 

Ax. 

Analogous to the non projectivised case, a map 

V? : PAx -^ Z 

is said to be cylindric if ip~^{n) C PAx is a cylindric subset and cp 
is bounded from below. Lastly, we define the integral of a cylindric 
function if : PAx — )■ Z to be 



/ T^dfi:=J2f^iv-\n))T-, 



neZ 

whenever the sum makes sense; in such a case the function (/? is said to 
be integrable. 

Notice that the function : Ax — > Z is cylindric if and only if the 
function ip : PAx — )■ Z is cylindric, and we have 



L - 1) /" T'^dfx = f T^d^i. 

JvAx J Ax 
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(cf. [ISl Remark 4]). 

Let us take the cylindric function T^-^'^\ : O — t- Z|T] defined by z i— )■ 

T\h(^)\ witfi Tll^(^)ll := iiv{z) = cx). 

Definition 3.1. The integral 

C(X,T) := f Tl'^(^)ll(i/i 
Jax 

will be called the adelic zeta function associated with X. 

We want now to show that this global zeta function decomposes into 
the product of the adelic zeta function of the normalisation with the 
local zeta functions corresponding to the singular points of the curve, 
which generalises slightly a result of Ziiniga (cf. [221 Corollary 2.2]). 

Let P G S = {Pi,...,Pr}. Let us write Zp = n-^iYp) for Yp a 
constructible subset of k{P) ([T)) / (T""^^^) . Then one has 

Kz) = [Yp,x ...X ypjL-"^!---"^'- = [y>jL-"^i ■ . . . ■ [ypjL-"^'- 

= f^iZpJ- ■■■■ fi{Zp^). 
Denoting 0, the restriction |g : Op^ — )■ Z, then we have 

f T^d^i= f T^'dfi ■■■...■ [ T-^'-rf/i. 
Jz Jop^ Jdp^ 

Because of the multiplicativity of the measure fi{-) one has 

/i(Ax) = ^(z X J] Op) = ^(z)/i(n Op)^ 

P(^S P<^S 



hence 



C(X,T) = f T'^dfi= f T-^d^i- I T'^d^i 

= f T^d^i- fr't'dfi. 

Jz J X 

Furthermore, by [15| Corollary 4] one has 



I Op 

We have thus proved: 
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Theorem 3.2. Let 6 := 6p^ + . . . + 6p^ . We have 

r 

h'C{X,T) = (1 - L-'Y ■ C(X,T) ■l[Z{T,OpJ. 

i=l 

By taking reduction modulo ^ we obtain: 
Corollary 3.3. Let X' := X mod *p. We have: 

r 

L^C(^', T) = {1- h-'r ■ aX', T) ■ n Z{T, Op^,x'). 

Theorem 13.21 extends to the result of [22j if one specialises [■] to the 
additive invariant jj : Var^ — )■ Z given by counting points by taking a 
finite field Fg as ground field. 

Notice that our definition differs from the one introduced by Ziiniga 
in [22]; he considered there a Dirichlet series Z(Ca(X),T) associated 
to the effective Cartier divisors on the algebraic curve defined over Fg. 
Both series are related by means of the equality 

tt(C(X,T)) = ii^f^Z(Ca(X),T). 

We can express the formula given by Corollary 13.31 in another nice way. 
Let P be a point on X. Let us consider the group U^^ of the units 
of the normalisation of the local ring Op. The subgroup Uop of the 
group Uq is of finite index, say {U^ : Uop)- In fact, by taking the 

normalisation morphism vr : X — )■ X, one has 7r~^(P) = {Qi, . . . , Qm}-, 
where Qi are the branches of X centered at Op and correspond to 
maximal ideals rrij of the semilocal ring Op\ furthermore the following 
well-known equality holds (cf. [HI p. 182]): 

where rp is the degree of the residue field of Op over Fg, and the 
degree deg(Qj) := dimCp/trij, for every i G {1, . . . ,m}. Since we are 
assuming the local rings Op to be totally rational, both the integers 
rp and deg(Qi), for all i G {l,...,m}, are equal to 1. By applying 
Corollary 13.31 we get: 

Corollary 3.4. 

tJ(C(x,T)) = tl(C(x,T))-n n m'^^u r ^(^'^^-)- 
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